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A New Global Bifurcation Theorem 
and Its Applications in Non-
Cooperative Models of Nuclear 
Reactors

□□  CHEN Ruipeng
School of Mathematics and Information Sciences, North Minzu University, Yinchuan 750021, Ningxia, China

Abstract: In this work, we establish a version of the global bifurcation theorem for nonlinear Sturm-Liouville problem

ì
í
î

-(pu′ )′+ qu = γf (tu)+ g(tuu′γ) tÎ(01)
b0u(0)+ c0u′ (0)= 0 b1u(1)+ c1u′ (1)= 0

where f is not Fréchet differentiable at 0. We show that the bifurcation occurs from some intervals Ik (kÎN); the connected component Dν
k 

containing Ik ´ {0} is unbounded and lies in (R´ S ν
k )È(Ik ´{0}). By applying the above theorem, we prove that the non-cooperative model 

ì
í
î

-u″= uv - λu + f (tu) tÎ(01)
-v″= μu                        tÎ(01)

 admits at least one positive solution for any μÎ(0¥).
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0　Introduction

In the past few decades, there has been consider‐
able interest in studying the time and space-dependent 
mathematical model of nuclear reactors in a closed con‐
tainer[1],

ì

í

î
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ï

¶u
¶t

-DDu = u(av - b) xÎΩ t > 0

¶v
¶t

= cu                         xÎΩ t > 0
(1)

where ΩÌRn is a smooth bounded domain and indicates 
the closed container, u and v represent the density of the 
neutron flux and temperature of the nuclear reactors, re‐

spectively. a b c and D are constants with bÎ[0¥) and 

cÎ(0¥). a>0 means the positive feedback, a<0 means 

the negative one, and D indicates the diffusion coefficient. 
If we consider the nuclear reactors with no neutron 

flux on the boundary of the container and the constant 
temperature on it, then the model to describe the neutron 
flux and temperature of the nuclear reactors is

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïïï

ï

ï

ï

¶u
¶t

-Du = u(av - b)                     xÎΩ t > 0

¶v
¶t

-Dv = cu                                 xÎΩ t > 0

u = v = 0                                          xÎ¶Ω t > 0
u(x0)= u0 (x)≥ 0 v(x0)= v0 (x)≥ 0    xÎ Ω̄

(2)
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where u0 and v0 are continuous nonnegative functions on 
Ω̄. Existence of positive stationary solutions and the 
long term dynamics of (2) and its general forms have 
been studied by many authors[1-16]. Owing to the close re‐
lationship between the dynamics of (2) and its associ‐
ated steady states, several authors have also paid their at‐
tentions to the stationary version and one-dimensional 
analogue of (2)[8,10-13,16].

By applying the fixed point theory, Wang and An[13] 
studied the existence of positive solutions of the non-
cooperative system
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-u″= uv - λu + f (tu) tÎ(01)
-v″= μu                        tÎ(01)
u(0)= u(1)= 0
v(0)= v(1)= 0 

(3)

where λ >-π2 is a constant and μ > 0 is a parameter. Eq. 

(3) is related to the stationary version of the reaction-
diffusion system (2). They proved (3) has at least one 
positive solution for μÎ(0C0 ] where C0 is a constant. 

Then Chen and Ma[16] investigated the existence of posi‐
tive solutions of (3) with f (tu)= g(t) f (u). By using bifur‐

cation techniques, they showed (3) admits at least one 
positive solution for any μÎ(0¥) which extends the re‐

sults of Wang and An[13] to some extent. However, above 
results were established under the assumption that f is 

nonnegative and lim
s® 0 +

f (s)
s

 exists.

A natural question is whether (3) admits a positive 
solution for any μÎ(0¥) or f is not necessarily lineariz‐

able at 0. In addition, the fourth open problem listed by 
Chen[8] suggested that the existence results for (3) should 
be established with more general nonlinearities. Moti‐
vated by the above considerations, we will give a posi‐
tive answer to the above question. More precisely, we 
shall investigate the existence of positive solutions of (3) 
under the following assumptions

(H1) λÎ(-π2¥) is a constant.

(H2) fÎC([01]´RR) with sf (ts)> 0 for s ¹ 0 and 

tÎ[01] and there exist functions f0 (×) f 0 (×)ÎC([01](0¥)) 

such that

lim inf
|| s ® 0

f (ts)
s

= f0 (t) uniformly for tÎ[01]

lim sup
|| s ® 0

f (ts)
s

= f 0 (t) uniformly for tÎ[01].

(H3) There exists a function c(×)ÎC([01](0¥)) 

such that
f (tu)≥ c(t)u (tu)Î[01]´[0¥).

The rest of this paper is organized as follows. In 

Section 1, we state and prove the global bifurcation theo‐
rems for nonlinear Sturm-Liouville problems

ì
í
î

-(pu′ )′+ qu = γf (tu)+ g(tuu′γ) tÎ(01)
b0u(0)+ c0u′ (0)= 0 b1u(1)+ c1u′ (1)= 0

(4)

and

ì
í
î

-(pu′ )′+ qu = γh(t) f (u)+ g(tuu′γ) tÎ(01)
b0u(0)+ c0u′ (0)= 0 b1u(1)+ c1u′ (1)= 0

(5)

where f is not necessarily linearizable at 0, and 

hÎC([01] [0¥)) is a nonnegative weight function. Sec‐

tion 2 is devoted to establishing some existence results 
of positive solutions for (3), and also for (3) with f (tu)=
h(t) f (u) via the above bifurcation theorems. In Section 

3, we give some related results.

1　Global Bifurcation Theorem

Let (b.c.) denote the boundary conditions
b0u(0)+ c0u′ (0)= 0 b1u(1)+ c1u′ (1)= 0

where b0b1c0 and c1 are real numbers with |bi | + | ci | ¹0 

i = 01. We denote by L the Sturm-Liouville differential 
operator defined as Lu =-(pu′ )′+ qu where pÎC 1 [01] 

with p > 0 on [01] qÎC[01] and

D(L)= {uÎC 2 [01]: u satisfies (b.c.)}.

Berestycki[17] established a global bifurcation theo‐
rem for the Sturm-Liouville problems

ì
í
î

Lu = γa(t)u +F(tuu′γ) tÎ(01)
(b.c.)

(6)

where aÎC([01] (0¥)) F = f1 + g1 f1 and g1 are con‐

tinuous functions on [01]´R3 satisfying

| f1 (tusγ) | ≤M | u |  (tusγ)Î[01]´[-11]2 ´R (7)

and
g1 (tusγ)= o(| u | + | s |) near (us)= (00), (8)

uniformly for (tγ)Î[01]´Γ for every bounded interval 

Γ. It is not difficult to see this problem need not be linear‐
izable in any neighborhood of the origin. Above results 
have been extended by Rynne[18] under the assumption

| f1 (tusγ) | ≤M0| u | +M1| s |  (tusγ)Î[01]´R3 (9)

where M0 and M1 are some positive constants. However, 
it is clear the nonlinear term γf (tu) in (4) does not meet 

the condition (7) or (9) since there is no M > 0 such that

| γf (tu) | ≤M | u |  for all (tuγ)Î[01]´R2. (10)

Therefore, this section is devoted to establishing a ver‐
sion of the global bifurcation theorem for nonlinear 
Sturm-Liouville problem (4).

Let a be a positive continuous function on [01]. It 
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is a classical result[19] that the linear Sturm-Liouville 
problem

ì
í
î

Lu = γa(t)u tÎ(01)
(b.c.)

(11)

possesses infinitely many simple eigenvalues {γk (a)}¥

k = 1
 

with
0 < γ1 (a)< < γk (a)<

and lim
k®¥

γk (a)=+¥. The zeros in [01] of any eigenfunction 

ϕk corresponding to γk (a) are nodes (i.e., points ξ, where 

ϕk (ξ)= 0ϕ′k (ξ)¹ 0), and ϕk has exactly k - 1 zeros in (01).

Let Y =C[01] with the norm u 
¥
= max

tÎ[01]
| u(t) | and 

E the Banach space

E = {uÎC 1 [01]: u satisfies (b.c.)}
equipped with the norm u 

1
=max{u 

¥
 u′ 

¥}. S +
k  

denotes the set of functions uÎE which have exactly k -
1 zeros in (01) all of whose zeros in [01] are nodal, and 

which are positive in a deleted neighborhood of 0. The 
sets S +

k  S -
k =-S +

k , and Sk = S +
k È S -

k  are open sets in E. In 
the following, we denote by ϕ+

k the unique eigenfunction 

of (11) associated to γk such that ϕ+
k Î S +

k  and ϕ+
k 1

= 1; 

we also let ϕ-
k =-ϕ+

k. We denote by φ the closure in R´E 

of the set of nontrivial solutions of (4) and φνk the closure 

in R ´E of the set of all solutions (γu) of (4) with 

uÎ S ν
k  where ν denotes + or -.

Define

α(t)=
f 0 (t)+ f0 (t)

2
 β(t)=

f 0 (t)- f0 (t)
2

 (12)

where f 0 (×) and f0 (×) are functions given by (H2). It follows 

from (H2) that αÎC([01] (0¥)) and βÎC([01] [0¥)).

We suppose throughout the section that
(H4) α0>β0 where α0= min

tÎ[01]
α(t)>0 and β0= max

tÎ[01]
β(t) 

> 0. 
(H5) g(tusγ)= o(| u | + | s |) near (us)= (00) uni‐

formly in tÎ[01] and in γÎΓ for every bounded inter‐

val Γ.

For each kÎN set

Ik =
é

ë
ê
êê
êγk (α)α0

α0 + β0
 
γk (α)α0

α0 - β0

ù

û
ú
úú
ú  (13)

where γk (α) is the k-th eigenvalue of the linear problem

ì
í
î

Lu = γα(t)u tÎ(01)
(b.c.).

Theorem 1  Let (H2), (H4) and (H5) hold. Then 
for each kÎN and each νÎ{+-} the connected compo‐

nent Dν
k of φνkÈ(Ik ´{0}) containing Ik ´{0} is unbounded, 

and lies in (R ´ S ν
k )È(Ik ´{0}).

Proof  It suffices to indicate why Berestycki 􀆳 s 
proof[17] is still valid here. Let

h(ts)= f (ts)- α(t)s (ts)Î[01]´R. (14)

Then

lim inf
|| s ® 0

h(ts)
s

=-β(t) lim sup
|| s ® 0

h(ts)
s

= β(t), (15)

uniformly for tÎ[01] and (4) can be rewritten as

ì
í
î

Lu = γα(t)u + γh(tu)+ g(tuu′γ) tÎ(01)
(b.c.).

(16)

Consider the auxiliary problem

ì
í
î

Lu = γα(t)u + γh(t || u ε
u)+ g(tuu′γ) tÎ(01)

(b.c.)
(17)

where εÎ[01] is a parameter. For the auxiliary problem 

(17), we claim that the following results hold.
Let εn converge to 0 and satisfy 0 ≤ εn ≤ 1. If there is 

a sequence (γnun )ÎR ´ S ν
k  such that (γnun ) is a solution 

of (17) corresponding to ε = εn and
(γnun )®(γ0) in R ´E (18)

Then γÎ Ik.

In fact, it is clear in (18) γn® γ as n®¥ so {γn } is 

bounded, and thus the proof of the above results is simi‐
lar to that of Lemma 1 in Ref. [17] with obvious modifi‐
cations, even though there is no M > 0 such that (10) 
holds. Finally, by above results we can easily complete 
the proof.

Remark 1  Note that if f 0 (t)º f0 (t)= f0Î(0¥) and 

g(tuu′γ)º 0 then (4) reduces to the corresponding 

nonlinear eigenvalue problems[20-24]. Meanwhile, we have 
α(t)º α0 = f0 β(t)º β0 = 0 and (H4) always holds. More‐

over, Ik ´{0} will reduce to the single point (γk ( f0 ) 0)=

( μk

f0

 0)  from which bifurcation occurs. Here μk is the k-th 

eigenvalue of the linear Sturm-Liouville problem

ì
í
î

Lu = μu tÎ(01)
(b.c.).

(19)

Remark 2  If f 0 (t)º f̄0Î(0¥) f0 (t)º
-
f

0
Î(0¥) 

then

α(t)º α0 =
f̄0 + -

f
0

2
  β(t)º β0 =

f̄0 - -
f

0

2
,

and (H4) is still satisfied. Clearly, Ik reduces to 

é

ë

ê
êê
ê
ê
êμk

f̄0

 
μk

-
f

0

ù

û

ú
úú
ú
ú
ú
 from which bifurcation occurs.

For the nonlinear Sturm-Liouville problem (5), we 
have the following theorem.

3
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Theorem 2  Let (H5) hold. Assume hÎC([01] 
[0¥)) and it is not identically zero on any subinterval of 

[01] fÎC(RR) with sf (s)> 0 for s ¹ 0. Then for each 

kÎN and each νÎ{+-} the connected component Dν
k 

of φνkÈ (éëêêêê γk

f 0
 
γk

f0

ù

û
ú
úú
ú ´{0}) containing 

é

ë
ê
êê
ê γk

f 0
 
γk

f0

ù

û
ú
úú
ú ´{0} is un‐

bounded, and lies in (R´ S ν
k )È (éëêêêê γk

f 0
 
γk

f0

ù

û
ú
úú
ú ´{0})  where 

f 0 = lim sup
|| s ® 0

f (s)
s

Î(0¥) f0 = lim inf
|| s ® 0

f (s)
s

Î(0¥) and 

γk is the k-th eigenvalue of the linear problem

ì
í
î

Lu = γh(t)u tÎ(01)
(b.c.).

Proof  Let r0 =
f 0 + f0

2
 d0 =

f 0 - f0

2
 and χ(s)= f (s)-

r0 s sÎR. Then

lim inf
|| s ® 0

χ(s)
s

=-d0 lim sup
|| s ® 0

χ(s)
s

= d0

and (5) can be rewritten as

ì
í
î

Lu = γh(t)r0u + γh(t)χ(u)+ g(tuu′γ) tÎ(01)
(b.c.).

By considering the approximate problem

ì
í
î

Lu = γh(t)r0u + γh(t)χ( || u ε
u)+ g(tuu′γ) tÎ(01)

(b.c.)

and applying similar arguments[17,25], we can get the de‐

sired conclusions.

Remark 3  Under the same assumptions as Theo‐

rem 2, Ma et al[25] studied the global bifurcation phenom‐

ena of nonlinear Sturm-Liouville problem

ì
í
î

-(pu′ )′+ qu = γh(t) f (u) tÎ(01)
(b.c.)

and obtained the same results as Theorem 2. Our main 

findings Theorems 1 and 2 extend the results of Ref. [25] 

to Sturm-Liouville problems with more general nonlin‐

earities.

2　Positive Solutions for Model (3)

In this section, Theorems 1 and 2 shall be applied 

to prove the existence of positive solutions of system 

(3), where f is not necessarily linearizable at 0. It is not 

difficult to see that

ì
í
î

-v″= μu tÎ(01)
v(0)= v(1)= 0

is equivalent to the integral equation

v(t)= μ ∫
0

1

K(ts)u(s)ds = :μAu(t) tÎ[01] (20)

where

K(ts)=
ì
í
î

t(1 - s) 0 ≤ t ≤ s ≤ 1
s(1 - t) 0 ≤ s ≤ t ≤ 1.

Obviously, A: C[01]®C[01] is a linear compact opera‐

tor. By (3) and (20) we have

ì
í
î

-u″+ λu = f (tu)+ μuAu tÎ(01)
u(0)= u(1)= 0.

(21)

Now, if λ satisfies (H1), then (21) can be rewritten as

               u(t)= ∫
0

1

G(ts) f (su(s))ds +

                          μ ∫
0

1∫
0

1

G(ts)u(s)K(sτ)u(τ)dτds = :Tu(t)

where G(ts) is the Green􀆳s function[26] of

ì
í
î

-u″+ λu = 0 tÎ(01)
u(0)= u(1)= 0.

Clearly, T:C[01]®C[01] is completely continuous.

Theorem 3  Let (H1)-(H4) hold. If
γ1 (α)α0 > α0 + β0 (22)

then (3) admits at least one positive solution (uv) for 

any μÎ(0¥). Here α α0 β0 are defined as in Section 1 

and γ1 (α) is the principal eigenvalue of

ì
í
î

-u″+ λu = γα(t)u tÎ(01)
u(0)= u(1)= 0.

Proof  Let us consider the parameterized problem

ì
í
î

-u″+ λu = γf (tu)+ γ × μuAu tÎ(01)
u(0)= u(1)= 0

(23)

where γÎR is a parameter. It is clear that any solution 

of (23) of the form (1u) yields a solution u of (21). From 

(H2) it follows that μuAu + f (tu)= 0 for u = 0 and 

tÎ[01] which implies (γ0) is always the solution of 

(23). Moreover, it is not difficult to verify that g(tuγ)=
γμuAu satisfies (H5) since

γμuAu
 u

1

≤ || γ × μ A
0
 u

2

1

 u
1

= | γ | × μ A 
0
u 

1
® 0,

as u 
1
® 0 uniformly in γÎΓ for every bounded inter‐

val Γ where  A 
0
 denotes the norm of the operator A. 

Therefore, by Theorem 1 the connected component D+
1 

of φ+
1 È(I1 ´{0}) containing I1 ´{0} is unbounded and lies 

in (R ´ S +
1 )È(I1 ´{0}). Moreover, D+

1 Ç({0}´E)=Æ since 

(00) is the only solution of (23) for γ = 0.

Applying similar methods[16] with obvious changes, 
we conclude D+

1 joins I1 ´{0} to (0¥). This together with 

(22) implies D+
1 crosses the hyperplane {1}´E in R ´E 

and so (21) has at least one positive solution u for any 

4
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μÎ(0¥). Moreover, it follows from (20) that system (3) 

has at least one positive solution (uv) for any μÎ(0¥).

Theorem 4  Let (H1) hold. Assume that hÎ 
C([01] [0¥)) and it is not identically zero on any subin‐

terval of [01] fÎC(RR) with sf (s)> 0 for s ¹ 0. If f 0 <
γ1 then

ì

í

î

ï
ïï
ï

ï
ïï
ï

-u″= uv - λu + h(t) f (u) tÎ(01)
-v″= μu                            tÎ(01)
u(0)= u(1)= 0
v(0)= v(1)= 0 

(24)

admits at least one positive solution (uv) for any 

μÎ(0¥) where f 0 and γ1 are defined as in Theorem 2.

Proof  Obviously, (24) can be rewritten as the 
equivalent problem

ì
í
î

-u″+ λu = h(t) f (u)+ μuAu tÎ(01)
u(0)= u(1)= 0.

(25)

Let us consider the parameterized problem

ì
í
î

-u″+ λu = γh(t) f (u)+ γ × μuAu tÎ(01)
u(0)= u(1)= 0

(26)

where γÎR is a parameter. Clearly, any solution of (26) 

of the form (1u) yields a solution u of (25). In addition,

μuAu + h(t) f (u)= 0 for u = 0 and tÎ[01] which means 

(γ0) is always the solution of (26). It is not difficult to 

check that the assumptions of Theorem 2 are all satis‐
fied. Thus, by Theorem 2 the connected component D+

1 

of φ+
1 È (éëêêêê γ1

f 0
 
γ1

f0

ù

û
ú
úú
ú ´{0}) containing 

é

ë
ê
êê
ê γ1

f 0
 
γ1

f0

ù

û
ú
úú
ú ´{0}, is 

unbounded and lies in (R ´ S +
1 )È (éëêêêê γ1

f 0
 
γ1

f0

ù

û
ú
úú
ú ´{0}) . The 

rest of the proof is similar to that of Theorem 3.1 in 
Ref. [16].

Remark 4  We would like to point out that by ap‐
plying Theorems 1 and 2, and using similar discussions 
as in the proofs of Theorems 3 and 4, we can also estab‐
lish the existence of nodal solutions for systems (3) 
and (24).

Remark 5  In the special case f 0 = f0 = δÎ(0¥) 
Chen and Ma[16] studied the existence of positive solu‐
tions of (24), where bifurcation occurs from a single 

point ( γ1

δ
 0) and they showed (24) admits at least one 

positive solution for any μÎ(0¥) which has been ex‐
tended by Theorem 4 to the case where f is not necessar‐
ily linearizable at 0.

3　Related Results

We investigate in this section the non-cooperative 

model

ì
í
î

-u″= uv - λu + f (tu) tÎ(01)
-v″= μu - cv                tÎ(01) 

(27)

which is related to the stationary version of the reaction-
diffusion system

ì

í

î

ïïïï

ï
ïï
ï

¶u
¶t

-DDu = u(av - b) xÎΩ t > 0

¶v
¶t

-Dv = du - cv        xÎΩ t > 0.
(28)

Clearly, (28) extends the model (1) by adding the diffu‐
sion and the linear feedback to the temperature. Suppose 
the boundary of the closed container is heat-insulated 
and neutron flux can not go through the boundary, then 
the proper boundary conditions are Neumann boundary 
conditions

¶u
¶n = 0 =

¶v
¶n  xÎ¶Ω t > 0

where n indicates the outward normal. Neumann bound‐
ary conditions have been given special attention as the 
behavior of the solution for this type of boundary condi‐
tions is quite different from those for other types of 
boundary conditions[2-4,6,7,16].

In the following, we establish the existence of posi‐
tive solutions of (27) subject to the Neumann boundary 
conditions, namely,

ì

í

î

ï
ïï
ï

ï
ïï
ï

-u″= uv - λu + f (tu) tÎ(01)
-v″= μu - cv               tÎ(01)
u′ (0)= 0 = u′ (1)
v′ (0)= 0 = v′ (1). 

(29)

Assume that

(H1)′ λ cÎ ( - π2

4
 0) È(0¥) are constants.

Then (29) can be transformed into

ì
í
î

-u″+ λu = μuL͂u + f (tu) tÎ(01)
u′ (0)= 0 = u′ (1)

where L͂: C[01]®C[01] is a linear compact operator. 

We first apply Theorems 1 and 2. Following the argument 
used in the proofs of Theorems 3.1 and 3.2 in Ref. [16], 
with obvious changes, we obtain

Theorem 5  Let (H1)′, (H2), (H3) and (H4) hold. 

If η1 (α)α0 > α0 + β0 then (29) admits at least one positive 

solution (uv) for any μÎ(0¥). Here α α0 β0 are de‐

fined as in Section 1 and η1 (α) is the principal eigen‐

value of

ì
í
î

-u″+ λu = ηα(t)u tÎ(01)
u′ (0)= 0 = u′ (1).

Theorem 6  Let (H1)′ hold. Assume hÎC([01] 

5



Wuhan University Journal of Natural Sciences XXXX, Vol.XX No.XX 

[0¥)) and it is not identically zero on any subinterval of 

[01] fÎC(RR) with sf (s)> 0 for s ¹ 0. If f 0 < τ1 then

ì

í

î

ï
ïï
ï

ï
ïï
ï

-u″= uv - λu + h(t) f (u) tÎ(01)
-v″= μu - cv                    tÎ(01)
u′ (0)= 0 = u′ (1)
v′ (0)= 0 = v′ (1)

has at least one positive solution (uv) for any μÎ(0¥) 
where f 0 is defined as in Theorem 2 and τ1 is the princi‐

pal eigenvalue of

ì
í
î

-u″+ λu = τh(t)u tÎ(01)
u′ (0)= 0 = u′ (1).

Finally, if we consider the nuclear reactors exchang‐
ing heat energy with the outside, then the proper bound‐
ary condition is

¶u
¶n = 0 

¶v
¶n + ρv = 0 xÎ¶Ω t > 0

where ρ > 0 is the heat transfer coefficient. Under the as‐

sumption of nonnegative initial values, several authors 
have studied the system

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

¶u
¶t

-DDu = u(av - b)                          xÎΩ  t > 0

¶v
¶t

-Dv = du - cv                                 xÎΩ  t > 0

¶u
¶n = 0 

¶v
¶n + ρv = 0                            xÎ¶Ω  t > 0

u(x0)= u0 (x)≥ 0 v(x0)= v0 (x)≥ 0 xÎ Ω̄ 

(30)

which is a mathematical model much closer to reality[3-4]. 
We are interested in the existence of positive solutions 
of model

ì

í

î

ï
ïï
ï

ï
ïï
ï

-u″= uv - λu + f (tu)  tÎ(01)
-v″= μu - cv                 tÎ(01)
u′ (0)= 0 = u′ (1)
v′ (0)+ ρv(0)= 0 v′ (1)+ ρv(1)= 0 

(31)

which is related to the stationary version of the reaction-
diffusion system (30). Suppose

(H1)″ c > 0 is a constant and 0 < ρ <m: = c .

Then it is not difficult to check that (31) can be re‐
written as

ì
í
î

-u″+ λu = μuL0u + f (tu) tÎ(01)
u′ (0)= 0 = u′ (1)

where L0:C[01]®C[01] is a linear compact positive op‐

erator. By an argument similar to that of Theorems 3 and 
4, we can establish the following

Theorem 7  Let (H1)″, (H2), (H3) and (H4) hold. 

If η1 (α)α0 > α0 + β0 then (31) has at least one positive so‐

lution (uv) for any μÎ(0¥). Here α α0 β0 are defined 

as in Section 1 and η1 (α) is given by Theorem 5.

Theorem 8  Let (H1)″ hold. Assume that 

hÎC([01][0¥)) and it is not identically zero on any sub‐

interval of [01] fÎC(RR) with sf (s)> 0 for s ¹ 0. If f 0 <
τ1 then

ì

í

î

ï
ïï
ï

ï
ïï
ï

-u″= uv - λu + h(t) f (u) tÎ(01)
-v″= μu - cv                    tÎ(01)
u′ (0)= 0 = u′ (1)
v′ (0)+ ρv(0)= 0 v′ (1)+ ρv(1)= 0 

has at least one positive solution (uv) for any μÎ(0¥) 
where f 0 and τ1 are defined as in Theorem 2 and Theo‐

rem 6, respectively.
Remark 6  The results of Theorems 3 and 4 re‐

main true for more general models (27) and

ì
í
î

-u″= uv - λu + h(t) f (u) tÎ(01)
-v″= μu - cv                    tÎ(01)

subject to Dirichlet boundary conditions, where c is a 
constant satisfying (H1).

Remark 7  Let Ω ={xÎRn: 0 < r < | x | <R} be an 

annulus in Rn with n ≥ 2, where r and R are constants de‐
noting the inner and outer radii of the annulus, respec‐
tively. Then the results of the paper hold for correspond‐
ing high-dimensional systems.
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一个新的全局分歧定理及其在核反应堆模型中的应用一个新的全局分歧定理及其在核反应堆模型中的应用

陈瑞鹏

北方民族大学 数学与信息科学学院， 宁夏 银川 750021

摘要摘要：：本文针对非线性Sturm-Liouville问题 
ì
í
î

-(pu′ )′+ qu = γf (tu)+ g(tuu′γ) tÎ(01)

b0u(0)+ c0u′ (0)= 0 b1u(1)+ c1u′ (1)= 0
建立了全局分歧定理，其

中 f在0处不是Fréchet可微的。该定理表明分歧现象在某些区间 Ik (kÎN)发生，且包含 Ik ´ {0}的无界连通分支

Dν
k 位于 (R ´ S ν

k )È(Ik ´{0})之中。应用上述全局分歧定理，我们证明了对于任意参数 μÎ(0¥) 非合作核反应堆

模型
ì
í
î

-u″= uv - λu + f (tu) tÎ(01)

-v″= μu                        tÎ(01)
至少存在一个正解。

关键词关键词：：非合作模型；核反应堆；分歧；正解；存在性

□
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